Résumé. 2014 Abstract. 2014 The competition between particle and pair condensation in Bose liquids is studied using a mean field variational ground state that comprises both the Bogoliubov approximation for weakly interacting Bose gases and the Valatin-Butler pair state. We first consider structureless bosons, disregarding the fact that an attractive gas will necessarily collapse. We show that a pair state occurs only if the attraction is strong enough to bind two bosons together. The limit of low densities is treated exactly. At higher density, we use a separable interaction model and we show that the pairs dissociate at a critical density Nc (where their ionization gap vanishes). Past that threshold, ordinary particle condensation sets in. In order to cure collapse, we consider bosons with an internal spin structure : the interaction is binding in some states, repulsive on the average. Taking spin 1 particles as an example, we repeat the previous analysis, and we substantiate its conclusions while retaining a positive compressibility. In the pair regime the ground state is isotropic (singlet pairs). Past the dissociation threshold, an anisotropic one particle condensate appears. We show that it is linearly polarized (in an arbitrary direction), and non fragmented. We discuss briefly its physical properties, and we suggest that the transition from pair to particle condensation might be first order.
1. Introduction. - [2] systems, the underlying physics is well understood [3] .
In contrast, the situation is far more controversial for attractive systems, which raise a number of difficult questions : (*) (ii) Second, it is no longer clear whether the ground state involves particle or pair condensation. The latter state, similar to a BCS superconductor, was proposed originally by Valatin and Butler [4] . It has been extensively discussed by Imry and Evans [5] , and by many others. Such a pair state is physically obvious in at least one limit : a dilute gas in which the pair interaction is attractive enough to produce a bound state (a feature which does not preclude a short range repulsion). Then (ii) Granted that a dilute gas is stable, it should not crystallize into a solid phase, like molecular H2 or 4He under pressure.
If these conditions are met, Bose condensation should occur. In practice, two excitons do bind into a molecular biexciton : at low enough density, these molecules should be the condensed entities : excitons undergo pair condensation (1) . Similar questions might also arise in the context of nuclear physics : should one pair two nucleons, or a particles which may be viewed as bound deutons ?
In the present paper, we take the issue again, using a variational approach similar to that introduced earlier in the study of fermion pairing [7] . Such a language is not new; it was introduced by Girardeau and Arnowitt [8] back in 1960. Recently, D6rre, Haug and Tran Thoai [9] used it extensively at finite temperature, in order to discuss possible phase diagrams for realistic interactions. Basically, it corresponds to a mean field approximation, which comprises both the Bogoliubov theory of partiple condensation and the Valatin-Butler pair model. In section 2, we first consider the usual problem of structureless bosons (spin 0). If the pair interaction is attractive, such a system does collapse. In a first state, we ignore that feature : we fix the density N arbitrarily. We then use our simple model to set up a language, and to extract simple physical ideas with a minimum of mathematical complexity. In the limit of low densities and strong attraction, that model can be solved exactly, translating for boson pairs the formulation used for fermion pairs by Kjeldysh and Kozlov [10] . We [11] , Jordanski [12] and Chemikova [13] [7] . Consequently, treating a biexciton as a boson pair is correct only if the molecular radius is & # x 3 E ; & # x 3 E ; than the exciton size -implying that the molecular binding is much smaller than the exciton ionization energy. We shall not discuss that point further : still, the corresponding limitation should be kept in mind. (1) .
(ii) 0 = 0 : (4) We now proceed to minimize the energy (7) -or rather (E -MN), where p is a chemical potential adjusted at the end in such a way as to achieve the right density N. We first minimize with respect to xk at constant no, and then with respect to no. The first step yields
The solution of (9) and (10) is well known. We set The resulting distributions nk and Xk are given by (11) and (12) must be solved self-consistently. As expected from (8), Xk is negative for a pure repulsion (Vk &#x3E; 0), positive for a pure attraction (Yk 0).
The ground state described by (11) and (12) (11) and (12) were obtained many years ago by Girardeau and Arnowitt [8] , using the same variational approach. According to (11) and (17) [10] . We set no = 0 and we assume that Ak is small (-N 1/2). We may then expand (9) :
The ground state energy (7) thus takes the form
The first line in (19) Let us first consider terms of order N. We minimize (Eo -fiN ) with respect to,/n-k. We thus obtain
The homogeneous equation (20) [17] . Similar effects are expected in atomic hydrogen (stabilized by alignment of the electronic spin) : in the Bose condensed state, nuclear spins are polarized [18] . In much the same way, condensed excitons with an internal orbital or spin structure should display spectacular coherence effects [19] . (23)). We note that the spin coupling is much less efficient than the scalar one (8) : its contribution is reduced by a factor (4/ _ ql,)2 , as compared to (-/1 + -/1')2. As a result, bp may well be positive, (') An extreme case is that of a very long range interaction J(r, -r,), such that J kk' is localized near k = k' = 0, in a region where 0, is constant. Then the spin term disappears completely in (49). That can be seen directly : the magnetic exchange interaction of two overlapping boson pairs, (1, 2) and (3, 4) , is then position independent; it is simply J(81 + S2)'(SI + 84), identically zero The various possible behaviours, as a function of a and are shown on figure 5 (past threshold, the curves are parametrized by no).
Case (a) corresponds to a &#x3E; 0, &#x3E; 0. In such a case, one may show that fl 1 : appearance of a particle condensate no lowers the compressibility (such a result is consistent with the idea that the condensate lowers the energy). The transition from pair to particle condensation is then a smooth second order process. Our second aim was to clarify the competition between particle and pair condensation. We have shown that pair condensation occurs only when the pair interaction is attractive enough to bind a pair of bosons into a molecule. At low density, the ground state is a Bose condensate of these molecules. As the density increases, overlap of two molecules opposes pair formation. At a critical density Nc, the gap for pair ionization vanishes : that threshold marks the onset of a one particle condensate no.
We studied in detail the case of spin 1 bosons coupled via an exchange interaction. In the pair regime, the ground state is isotropic (singlet pairs). Past threshold, the one-particle condensate breaks rotational symmetry : we show that the ground state corresponds to linearly polarized bosons. The condensate is a real one, with an order parameter ( ) : there is no fragmentation into a sharp peak of pair states near k = 0.
The properties of condensates that break rotation symmetry will be discussed elsewhere [14] 
